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ABSTRACT 
Bose and Laskar introduced the tetrahedral graph G, whose points may be identified 
with the (~) unordered triplets on n symbols, such that two points axe adjacent if and 
only if their corresponding triplets have two symbols tn common. They succeeded in 
characterizing these graphs (no loops or parallel edges permitted) for n > 16. In the 
present paper the same characterization is shown to hold for n < 8. 
I. INTRODUCTION 
All graphs considered in this paper are finite undirected without loops 
or parallel edges. Define a tetrahedral graph G as a graph whose points 
may be identified with the ('~) unordered triplets on n symbols, with two 
points adjacent if and only if their corresponding triplets have two 
symbols in common. If we let d(x, y) denote the distance between two 
points x and y, and A(x, y) the number of points adjacent to both x and y, 
then a tetrahedral graph G is easily seen to have the following properties: 
(P1) The number of points is (g). 
(P2) G is connected and regular of degree 3(n -- 3). 
(P3) If d(x, y) = 1, then A(x, y) = n --  2. 
(P4) If d(x, y) = 2, then A(x, y) = 4. 
The question whether (P1)-(P4) characterize tetrahedral graphs was 
answered by Bose and Laskar [2] in the affirmative for n > 163 Bose 
conjectured (oral communication) that the same holds true for n ~< 8. 
In the present paper we verify this conjecture. 
1 The analogous problem concerning the line graph of a complete graph with n 
points has been discussed by Conner [3], Hoffman [4, 5], Li-chien [6, 7], and Skrikhande 
[9]; more general questions have been treated by di Paola [8]. 
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We will employ the following terminology: 
1. By the subgraph induced by a set S of points in G we mean the sub- 
graph which has S as its point-set and includes all edges between any 
two points in S. 
2. O~(x) = {y e G L d(x, y) = i}. 
3. x "~ Yl , Y2 ..... y, <:> x e N Dl(yi). 
i=1 
4. K~ denotes the complete graph with p points. 
In the following we will need two theorems of [1]: 
THEOREM 1. A graph G satisfying (P1)-(P4) is tetrahedral (f and only 
if for all x E G the subgraph induced by Dl(X) can be partitioned into 
3 K,_a's: 
X = {x  1 . . . . .  xn_3} , Y = {Yl . . . . .  Yn--3}, Z = {2 1 . . . .  , Zn_3} 2 
such that {x~, Yi, zi} induces a Kafor i = 1 ..... n -- 3. We will refer to this 
theorem as (T). 
It was shown in [1] that (T) implied the correctness of Bose's conjecture 
forn ~<6. 
THEOREM 2. Given a graph G satisfying (PI)-(P4), then for all x E G 
I DI(X)I = 3"  (n  - -  3), I D2(x)I =3"  (n --2 3), U Di(x) = (n --3 3) 
i>2 
and 
D, (x ) - -  c~ (i ~ 4) for n ~8.  
lI. THE CASE ,7 -- 7 
Let G be any graph such that 
(P1) the number of points of G is 35, 
(P2) G is connected and regular of degree 12, 
(P3) if d(x, y) = 1, then d(x,  y) = 5, 
(P4) if d(x, y) = 2, then d(x, y) = 4, 
2 By (P3) it is clear that there exist no edges joining points of one K._3 to another 
other than those of the specified K3's. 
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then for all x E G Theorem 2 implies 
I Dx(x)[ = 12, I D~(x)l ---- 18, I Da(x)l = 4. 
LEMMA 1. I f  d(x, y) : 3, then Da(x ) n Da(y) : 4. 
PROOF: Follows immediately from (P1) and (1). 
LEMMA 2. I f  d(x, y) ---- 2, then Da(x)n Da(y) = d?. 
PROOF: Suppose w ~ Da(x) n Da(y), then by (1) we have 
D~(x) w D~(x) = A u s ,  
where 
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.4 = {y} u (D I (y )  - -  D1(x)), 
S = {w} u D1(w), 
andAnB-- - -  4,1-41--- 9, lBl = 13. Letw'~Ds(x) andassumew~A.  
By (P3) there are 5 points in A adjacent to both w' and y, hence there are 6 
edges leading from w' into B. But this is impossible by (P4). By the same 
argument we conclude w' ~ B, hence the lemma. 
LEMMA 3. I f  d(x, y) = 1, then IDa(x )n  Oa(y)l ~< 1. 
PROOF: Suppose there are two points w~, w2 in D3(x) n D3(y). Let 
C = {Wl} w {w2} w Dl(Wl) w DI(w2); 
then it follows that [ C[ >~ 19, but we also have 
C C (D~(x) u Da(x)) -- D~fy), 
with the latter set containing only 22 -- 6 : 16 points, as (P2) and (P3) 
show. 
COROLLARY. I f  d(x,y)----- 1, then [ Da(x) n Da(y)] ----- 1. 
PROOF: Let Da(x) = {wl, w2, w3, w4}, then 
Da(wi) C {x} U Da(x) for i = 1 ..... 4, 
by Lemmas 1 and 2. Lemma 3 and the fact that [ Da(w0l = 4 for i = 1 ..... 4 
now prove the assertion. 
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LEMMA 4. For any x ~ G no y ~ D2(x) is adjacent to more than two 
points in Da(x ). 
PROOF: (P4) implies y ~ D2(x) is adjacent o 4 points in Dl(X); call 
them ua, u~, Us, u4. By the Corollary, y cannot be adjacent o every 
point in Da(x). I fy  is adjacent to three of the points in D3(x), then denoting 
the remaining point by w, we conclude 
d(u i ,w)= 3 for i=  1 ..... 4, (2) 
invoking the same corollary. 
Since x e D~(w) too, (2) presents a contradiction to (1). 
LEMMA 5. For all x ~ G, D3(x ) induces a 1(4. 
PROOF: Lemma 4 implies there are at most 36 edges from D2(x) into 
Da(x ). Now clearly we also must have at least 36 edges, and the only 
possible way we have exactly 36 edges arises when any two points of 
Da(x) are joined by an edge. 
COROLLARY. For all x ~ G, any v ~ D2(x) is adjacent to exactly two 
points in D3(x), and D3(x) is a maximal complete subgraph in G. 
THEOREM. Let G be any graph satisfying (Pl)-(P4) for n = 7, then G is 
tetrahedral. 
PROOF: Let x be an arbitrary point of G and let 
Da(x) : {wl, w2, Wz, w4}. 
By Lemma 5 and the corollary we may partition Dl(x ) into 4 sets 
Wi ~-- {x~, Yi, z~) such that 
Wi ~ {x) = Dz(wi) (i = I ..... 4). (3) 
The corollary further implies that any one of x~, y~, z~ is adjacent o 
exactly one point in W~ for i ~ j (since they are of distance 2 to wj and 
are adjacent o x). Without loss of generality assume 
X l~X2,y~- -~y2,z~z2,  and xx ,~x3.  
If we can show x 2 ~-~ x3 we will conclude that the partitioning in (T) is 
possible, hence the result will follow. 
Now suppose x 2 @ x3 and x2 "~ Y3 9 x3 is therefore adjacent o either 
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Y2 or z2 ; hence x, x l ,  Ya, Y~ or x, xx, Y3, zz, respectively, are adjacent 
to both x2 and xa. Replace x by Xl and perform the partitioning (3) o f  
D~(xl). xx, x, y~, Zl induce a maximal complete subgraph corresponding 
to w 1 . x2 and x3 are in different complete subgraphs, hence there would 
be two more vertices (in Dl(xO) adjacent to both x2 and x3, which 
violates (P4). 
I I I .  THE CASE n : 8. 
Let G be any graph such that 
(P1) the number of points is 56, 
(P2) G is connected and regular of degree 15, 
(P3) if d(x, y) : l, then d(x, y) : 6, 
(P4) if d(x, y) : 2, then A(x, y) = 4; 
then for all x ~ G 
I Da(x)l : 15, I D2(x)l = 30, I Da(x)I = 10, (4) 
as Theorem 2 shows. 
The following three lemmas are crucial to the ensuing theorem, and 
since their proofs follow the same pattern we will verify only the first 
lemma. 
LEMMA 1, I f  d(x, y) = 1, then I Da(x) n D3(y)l <~ 4. 
LEMMA 2. I f  d(x, y) = 3, then Da(x ) n D3(y ) = q~. 
LEMMA 3. f f  d(x, y) : 2, then ] Da(x) r~ Da(y)l ~< 1. 
PROOF OF LEMMA 1: Suppose I D3(x) n D3(y)I ~> 5 and let Wl ..... ws 
be in Da(x) n Da(y). 
(A) I f  d(wi, wi) = 3 for some i , j~{1 ..... 5}, we would have 
A : {wi} u Dx(w,) u {w~) u Di(w~) C B : (D2(x) u D3(x)) -- Dl(y ) 
with [ A I : l B [ : 32 by (P2) and (P3), hence A ----- B. Now for 1 ~ k ~ 5, 
k ~ i,j, wk is adjacent to wi, say. Using (P3) again, we conclude w~ 
would be adjacent o 8 points in Dl(W~), thus contradicting (P4). 
(B) I f  d(wi ,w j ) :2  for some i,j, assume w.l.o.g, i=  1, j=  5. 
~82/6/I-4 
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Suppose d(w2, ws) = 2, then by a similar argument as above we deduce 
wx "~ w~. Now it is easily seen that 
Dz(x) u Oa(x) -- {wl , w2 , ws} -- DI(y) 
consists of 
6 points 
4 points 
4 points 
4 points 
4 points 
7 points 
From here a contradiction to 
, '~  W 1 ~ W2 ~ ~ W5 
"~ W1 ~ '~W2~ "~ W5 ~ 
W 1 , '7 ~ W2, q/~ W5, 
~s Wl ' ,-~ W2 ~ ~-~ W5 ' 
,'~ Wx, ,~ w2,4"  ws, 
~Wx,  ~fl'wz, ~W 5. 
(P3) or (P4) follows without difficulty, no 
matter to which category Wz, wa belong. 
Hence if d(wx, w~) = 2, then 
{w2 , wz, w,} C DI(wl) C3 DI(ws) 
and a straightforward argument shows that the assumption the fourth 
point of Dl(Wl) c3 Dl(Ws) lies in Dz(x) as well as the assumption it lies in 
Da(x) lead to a contradiction. 
(C) {wl ..... ws} induce a / (5 .  Since 
~) Da(wi) --  {Wl ..... ws} ~ 27 (5) 
it can be easily shown the set in (5) in fact contains 27 points and of these 
points 
24 are adjacent o exactly 2 of the wi's, 
2 are adjacent o exactly 3 of the wi's, (6) 
1 is adjacent o exactly 1 of the w~'s. 
Hence in Da(x) -  {wx,..., ws} at least one, let it be w, is adjacent to 
exactly 2 of the wi's, say, w~, w2 9 Therefore in 
5 
A = U Di(w,) --  {w I . . . . .  w5} 
i= l  
there are 
5 points adjacent o w~, w 
2 points adjacent o wj, w 
(i = 1, 2), 
( j=  3, 4, 5), 
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respectively. However at least 9 edges lead from w into A, and thus (6) 
yields the desired contradiction. 
COROLLARY 1. The bounds in Lemmas 1 and 3 are sharp. 
PROOF: Let Da(x) : {W 1 ..... W10 }. By(4), I Da(wi)l = 10fori  = 1 ..... 10 
and x is contained in every Da(w~). 
Lemma 1 now implies an arbitrary point of Dl(x) appears in at most 4 
of the sets Da(wi), Lemma 3 implies an arbitrary point of D2(x ) occurs in 
at most 1 of the D3(wi)'s, and finally Lemma 2 implies no point of D3(x) 
appears in these sets; thus we have at most 4.15 + 1.30 = 90 appearances, 
hence the corollary. 
COROLLARY 2: I f  x ,-~ y, then Da(x ) n Da(y) induces a K 4 . 
Follows readily from Corollary 1. 
LEMMA 4. For every x ~ G and an arbitrary w ~ Da(X) 
[ Dx(x) r Oz(w)[ = { D2(x ) c3 DI(w)[. (7) 
PROOF: Suppose there are r elements in the left-hand side of (7), s 
in the right-hand side. There are 4r edges from Dx(x)n  D2(w) into 
D2(x) ~ Dl(w) and 4s edges the opposite way, hence r = s. 
COROLLARY 3. For ever), x ~ G and any w ~ Da(x) 
lax(x ) :~ Da(w)l = IDa(x ) :3 Dl(W)l. (8) 
LEMMA 5. For every x ~ G and any w ~ D3(x) 
t = [ al(x) n Da(w)] = 6. (9) 
PROOF: In the light of Corollary 1 it suffices to show t ~ 6. 
(A) t = 9: In this case the remaining 6 points of Dl(X ) would be of 
distance 2 to w; hence by Corollary 1 each one of them would be of 
distance 3 to exactly one point ~ ~ Da(w). But by the hypothesis, these ~'s 
would have to be in D~(x) which is absurd. 
(B) t = 8: There is exactly one point in D2(x ) :3 Da(w), call it v. 
Further, by the assumption, we have 7 points in DI(X ) ~ V2(w), and by 
Corollary 1 again each one of these points is of distance 3 to exactly one 
point of Da(w); hence in each case it must be v. Thus, applying Corollary 1 
once more, 
[ Da(v) ~ D2(x)t = 2. 
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In view of Lemma 5, however, none of the points Ul ..... us of Dl(x) n Ds(w ) 
can be adjacent o v, since 
IDs(ui) nDs(v)] ~<3 tbr i=  1 ..... 8. 
(C) t = 7: This time there are exactly two points 
UI , I' 2 E D2(x ) n Ds(w ). 
As in cases (A) and (B) any one of the points in Di(x) c~ D2(w) is of distance 
3 to exactly one of vl ,  v2 9 We have to distinguish two cases as to whether 
d(v~, v2) = 2 or 1. Let us investigate the first possibility, the other being 
treated by an analogous argument. Take, e.g., v I . Then by (P4) 
[ DI(x ) n Ox(v)l = 4 (call these points Ul ..... u4). 
1. Suppose {u~ ..... u4} C D3(w). By Corollary 3 there are 4 points 
Yl ..... Y* ~ D2(x): 
{Yx ..... Y,} = D3(vO ~ Dx(w). 
Furthermore by the same corollary applied to x and v, there are exactly 
two points wx, w2 : 
{w 1 , w2} = Da(x) n D~(w). (10) 
Any one of the y~'s is by Corollary 1 of distance 3 to exactly one point 
of  Dz(x), this point plainly being w~ or w~. Hence suppose w.l.o.g, w x 
is of distance 3 to Yl, Y2 9 But now YI, Y2 being adjacent to w are by 
Corollary 1 of distance 3 to 3 of the u~'s. Thus at least two, ua, us, say, 
are of distance 3 to both Yl and Y2. Corollary 2, however, implies 
Wl '~  YI, Y,, which is impossible. 
2. I f  3 of the u,'s are in Ds(w) the same argument may be employed 
in order to arrive at a contradiction. 
3. The cases 2 or 1 of the u~'s in Ds(w) are also impossible, as Corollary 
3 applied to one of these two points (or the single point) and v~ readily 
shows. 
4. In the last case we have 
Dx(v,) m D3(w ) = ~ i = 1, 2, (11) 
IDa(V,) (Dl(X) D,(w))l = 4 i = l,  2. 
By (10) 
[ D,(x) r3 Da(w)] = 8 (call them za ..... zs), 
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and none of these 8 points can be of  distance 3 to either one of vx, v2, 
as Corollary 3 and (11) clearly imply. On the other hand the z/s  are of  
distance 3 to just one of w~, w2 in (10) (Corollary 1), hence assume 
w.l.o.g. Zl, z~ are of  distance 3 to Wx. Furthermore Corollary I applied 
to z~, w (i = 1 .... ,8) tells us that each z~ is of distance 3 to 4 points in 
Dl(x) n Ds(w); hence there is at least one point u ~ D~(x) n D3(w) which 
is of  distance 3 to both Zl and z2. But now Corollary 2 implies u ~ w~, 
which is our desired contradiction. 
THEOREM. Let G be any graph satisfying (P1)-(P4)for n = 8, then G 
is tetrahedral. 
PROOF: 
Let D3(x) = {wl ..... Wlo}. Assume w.l.o.g. 
DI(Wl) n Oz(x) : (w~ .... , wv}. 
By Corollary 1 
I Da(w;) n D3(wl) n Dl(X)] = 3 
Oa(wj" ) N Da(wx) ('~ DI(x ) = 
By Lemma 5 
Choose x ~ G and keep it fixed through the whole argument. 
for i = 2,..., 7, (12) 
for j = 8, 9, 10. (13) 
I D3(wx) n Dl(X)] = 6 (call these points Xx, Yl, z l ,  x~, y~, z2); (14) 
hence it is plain that of  the remaining 9 points of  Dl(X) 3 must be of  
distance 3 to w a , w2,3 of  distance 3to w e , Wxo, 3 of  distance 3to w 9 , wx0 9 
Call these points xa, Ya, za ; x4, Y4, z4 ; x5, Y5, z5, respectively. This 
fact in turn implies anyone of the wi's (i = 2 ..... 7) is adjacent o at least 
two of w8, wg, Wx0 (by Corollary 1 again). Next assume w.l.o.g 
xl E Da(Wl) n Dl(x) is of  distance 3 to Wl, w~, wa, w4. Looking at w~, 
we infer (since it must be adjacent o wl,  wa, w 4 and two of w a , w 9 , wl0 ) 
it is adjacent o at most one of w s , we, w7. Suppose 
then if 
d(w~, we) = d(w2, wT) = 2, 
Da(w~) n Da(Wl) n DI(x) = {Xx, Yl, Zl) 
we clearly have (by (14)) 
Da(w,) n Da(wl) n Dx(x) = {x2 , y~ , z2} i = 6, 7. 
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But now we also conclude 
Da(ws) n Da(W1) ~ Dl(x) = {x2, Y2, z2}, 
since otherwise w~ would be adjacent o I+' 1 , W 6 , W7, W 2 , to at least one 
of wa, w 4 , and to at least two of Ws, w a , w~0, in contradiction to Lemma 5. 
Hence w.l.o.g. The situation is as follows 
are of distance 3 to 
X1, Yl , 2"1 W1 ~ W2 ~ W3 ~ W4 
X2, Yz, Z2 W1 ~ W5 ~ W6 ~ W7 
xa ,y3 ,z3  W2,  Ws ,  Ws ,  W9, 
x4, Y4, z4 w3, w6, ws, wlo, 
x5, Y5, z5 w4, w7, w9, wlo, 
05) 
where the last three lines ,are easily seen to be true by appealing to 
Corollary 1. In (15) the sets {x~, y~, z~} apparently induce Ka'S and the 
sets on the right-hand side K4's. 
Let us consider Xl 9 If we can show xl is adjacent o exactly one point 
of {x~, y~, z~} i = 2 ..... 5, and any two such adjacent points are adjacent 
to each other, then we will have arrived at the partitioning in (T); hence 
the result will follow. 
By (15) 
Da(X1) t-) Da(x) = {wl ..... w4}, 
by Lemma 5 
[ D3(w,.) n D2(x)l = 3 
and by Corollary 1 
p D3(x,) n D2(x)l -- 6, 
] Da(xa) n D3(wu)l = 1 
Now (15), (16), (17), (18) clearly imply 
fl)r i = 1 ..... 10, (16) 
(17) 
for j = 5,..., 10. (18) 
lO 
Da(xO n D2(x) = ~J (Dz(xl) ~ Daiwj)). (19) 
j=5 
Next according to (15) any point of any of the sets {xi, yr z~} (i -- 2 ..... 5) 
is of  distance 3 to just one point of w~, w~, w3, w4 and 3 points of  
ws ..... Wl0. To be specific consider, e.g., {x2, Y2, z~}: since 
na(x2) n D3(Y2) r D3(z2)  = {w1,  ws ,  w6,  w7}, 
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the sets Da(x2) m De(x), Da(y2) n D2(x), Ds(z2) C~ D2(x) are mutual ly 
disjoint and by (16) and Corol lary 1: 
lo ) 
u u = n (U  Do(w,) u . 
t -2  
(20) 
Hence (19) tells us xl  is of  distance 3 to exactly three points of  the set in 
(20), thus is adjacent to exactly one of x2, Y2, z2 9 The analogous argument 
holds for {xi, Yi, zi) i = 3, 4, 5, herewith proving half  of our assertion. 
F inal ly let us suppose xl ~-~ x2, x3, x4, x5, and consider x2, x3 9 By the 
above reasoning we found Xl,  x2 are of  distance 3 to w~ and to three 
points of  D2(x), which in turn are of  distance 3 to w s , w 9 , w~0, respectively. 
Similarly x~, xa are of  distance 3 to w 2 and three points in D2(x ) that are of  
distance 3 to w6, w7, Wlo 9 Therefore xz ,  xs are of distance 3 to w5 and 
the point in D2(x ) n Ds(x 0 c~ Ds(wao), since this point is uniquely deter- 
mined by (18); thus Corol lary 1 implies x2 ~ xa.  The same reasoning 
shows x~ ~,~ xj ; for i ---- 2, 3, 4 ; j  = 4, 5; i ~ j,  thus proving the theorem. 
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